Scandium trifluoride (ScF 3 ) is a rare example of a material with a simple structure exhibiting a large negative thermal expansion over a wide range of temperatures. In the present work, the thermal behavior of this material has been studied by means of density-functional molecular dynamics in the isothermal-isobaric ensemble. Our simulations reproduce the experimentally observed trends: thermal expansion is negative at low temperatures, approaches zero at ≈1000 K, and is positive at higher temperatures. The simulations permit us to develop an atomistic scenario of the observed phenomena, which arises from the correlated dynamics of ScF 6 octahedra. The relation between the cubic-to-rhombohedral transformation under a very modest compression and the thermal behavior of ScF 3 is demonstrated.
I. INTRODUCTION
Negative thermal expansion (NTE) of a single-crystalline phase is a rare phenomenon. Most materials with NTE exhibit this property only in a narrow range of temperatures. Until recently, NTE over a wide temperature range was reported only for complex compounds such as ZrW 2 O 8 [1, 2] . In this respect, the recent discovery [3] of a large and isotropic negative thermal expansion in scandium trifluoride (ScF 3 ) with a simple cubic DO 9 structure (ReO 3 type, space group P m3m) was very surprising. In ScF 3 , NTE occurs over a temperature range from 10 to about 1170 K, while positive thermal expansion is observed for T > 1170 K.
The simple DO 9 structure built of corner-sharing octahedra (see Fig. 1 ) has often been used to illustrate how vibrational motions of undistorted building units [rigid unit modes (RUMs)] can lead to NTE [4, 5] . Rotations of rigid ScF 6 octahedra cause a transverse motion of the fluorine atoms in the Sc-F-Sc chains, which pulls the Sc atoms closer together and shortens the average lattice parameter. The prototypic material, ReO 3 , however, shows only a very modest NTE at low temperature. Most metal trifluorides (MF 3 , with M = Al, Ga, In, Ti, V, Cr, Fe, Co, Ir, Rh, Ru) [6, 7] crystallize in a rhombohedrally distorted DO 9 (VF 3 type, space group R3c) structure and decreasing rhombohedral distortion on heating leads to a strongly positive thermal expansion. At elevated temperatures, the R3c structure eventually transforms via coupled rotations of the MF 6 octahedra to the cubic DO 9 structure with a nearly vanishing thermal expansion [8, 9] . The persistence of the cubic DO 9 structure in ScF 3 down to the lowest temperatures is an exception in the family of MF 3 compounds. Under a modest pressure of 0.5 to 0.8 GPa the cubic phase of ScF 3 transforms to a rhombohedral phase at ambient temperature, and the transition pressure is reduced to 0.1 to 0.2 GPa at T ∼ 50 K [3, 10, 11] . Both the pressure-induced phase transition and the NTE could be related to the softening of RUMs under compression, but the factors determining the continuous change to positive thermal expansion at high temperature are less clear.
The pressure dependence of the stability of the cubic phase of ScF 3 has motivated investigations of doping with atoms of different diameters: Y [12] , Ti [13] , and Al [14] . Irrespective of the size of the doping atom the rhombohedral phase is stabilized in the low-temperature limit and the transition temperature increases with the dopant concentration. Thermal expansion is positive and composition dependent in the rhombohedral phase, and the thermal expansion coefficient decreases above the transition temperature. For temperatures above 400 K the thermal expansion coefficient is rather low and only weakly composition and temperature dependent. Very recently, Hu et al. [15] Thermal expansion is fundamentally an anharmonic phenomenon, arising from the coupling between the vibrational modes. This phenomenon is frequently studied theoretically using the quasiharmonic approximation (QHA), in which the volume-and temperature-dependent properties are computed under the assumption that the harmonic approximation is valid at any value of the volume. Hence within the QHA, anharmonic effects are taken into account only via the volume dependence of the phonon frequencies [16] . The QHA has been successfully used to study the thermal expansion of simple bcc and fcc metals (including temperature-induced phase transitions) [17] , the relative stability of different crystalline phases of metal hydrides [18] , or the temperature dependence of the misfit between the low-and high-temperature phases of technologically important ordered alloys such as NiAl and Ni 3 Al [16] . The QHA has also been used to study NTE in materials including ScF 3 [19] , ZnF 2 [20] , ZrW 2 O 8 [21] , PbTiO 3 [20] , and Ag 2 O [22] . For ScF 3 , however, the QHA predicts only negative expansion for temperatures between 0 and 1400 K [19] , in contrast to experiment. The QHA results may be improved by considering the anharmonicity of some RUMs with the most negative Grüneisen parameters for which frozen phonon calculations show a quartic (instead of quadratic) dependence of the crystal potential on displacement [19] . However, the problem with the incorrect sign of the linear expansion coefficient at high temperatures remains.
In this paper, we reproduce the unique thermal expansion of ScF 3 and we analyze the factors contributing to this behavior using parameter-free computer simulations. We employ density-functional molecular dynamics (MD) in the isothermal-isobaric (NpT) ensemble [23] [24] [25] , as implemented in the Vienna Ab initio Simulation Package (VASP) [26, 27] . The atomic positions and lattice parameters are treated as dynamical variables and the forces acting on these degrees of freedom are computed by solving the Schrödinger equation at the density-functional theory (DFT) level. In this approach, anharmonicity is naturally taken into account for all degrees of freedom and no assumption about the decoupling of vibrational modes has to be made.
II. METHODOLOGY
The projector augmented wave construction available in VASP [26, 27] was used to describe the interactions between ions and valence electrons. For the exchange-correlation functional, the generalized gradient approximation parameterized by Perdew-Burke-Ernzerhof (PBE) [28] was applied. The planewave cutoff was set to 500 eV and the Brillouin zone was sampled by a mesh of 2×2×2 points generated according to the scheme of Monkhorst and Pack [29] . A supercell consisting of 2×2×2 multiples of the primitive cubic cell of ScF 3 (see Fig. 1 ) containing 32 atoms was used in calculations. Although this supercell is relatively small, it is large enough to allow for the mechanism of thermal expansion discussed in the literature (see Sec. I) and also to admit a transition to the rhombohedral phase of ScF 3 . Importantly, the use of this relatively small supercell is justified by a reasonable agreement of our results with experiment (vide infra).
In the MD simulations the temperature of the electrons was taken into account using the inhomogeneous electron gas model [30] , where the partial occupancies of orbitals have been calculated using Fermi-Dirac smearing corresponding to the actual temperature of the ensemble. The equations of motion of the ions were integrated using a velocity Verlet algorithm [31] with a time step of t = 1 fs. The simulation temperature was kept constant using a Langevin thermostat with a friction coefficient of 1 ps −1 for all atoms and the pressure was controlled by a Parrinello-Rahman barostat [24, 25] where a mass of 2 amu and a friction coefficient of 10 ps −1 were used for the extra degree of freedom coupled with the lattice degrees of freedom. This choice of thermostat and barostat parameters has been made using the trial-and-error procedure, whereby the stability of the system and the temperature of atomic and lattice degrees of freedom have been monitored in exploratory simulations with different settings. In the calculations of error estimates for the quantities determined as time averages in molecular dynamics (see Sec. I in [32] ), the block method of Flyvbjerg and Petersen [33] as described in Ref. [34] was used to eliminate the effect of correlation between subsequent steps.
III. RESULTS AND DISCUSSION

A. Static lattice relaxations
First, the ground-state lattice parameter and bulk modulus of ScF 3 at T = 0 K were obtained from a set of static total-energy calculations at varying volume, but fixed cubic symmetry. The energy-volume dependence was fitted to a Murnaghan equation of state [35] (see Fig. 2 ). The computed equilibrium lattice parameter of a 0 = 4.037Å is in good agreement with the experimental value of 4.024Å [3] , but the bulk modulus of 97 GPa derived from the static calculations is significantly higher than the measured value of ∼61 GPa [12] . This result is surprising as DFT calculations at the PBE level are known to predict the bulk properties of metals and ionic materials rather accurately and suggests that the value of the bulk modulus could be influenced by the proximity of the pressure-induced transformation to the rhombohedral phase [3, 10, 11] .
To elucidate this point, total-energy calculations at different volumes have been performed in which the initial configurations were slightly rhombohedrally distorted. Following Chen et al. [36] , the initial geometry for each calculation was defined using a rhombohedral unit cell (space group R3c) containing two ScF 3 formula units and with the lattice vectors a 1 = (a,a,0), a 2 = (0,a,a), a 3 = (a,0,a) , where a is the lattice constant of cubic ScF 3 , with x = 0.75 + δ. δ is the parameter controlling the magnitude of the distortion relative to the cubic structure (space group P m3m). Calculations where the initial configuration is cubic (δ = 0) maintain the cubic structure at all volumes. If the initial configuration is rhombohedrally distorted (the initial value of δ was set to 0.05), the system relaxes to a cubic structure at volumes greater than equilibrium, but adopts a rhombohedral structure at reduced volume. The resulting energy-volume relations are shown in Fig. 2 , and some structural details are reported in Table S1 of [32] . At a volume slightly lower than the ground-state volume (V 0 ) of the cubic phase the rhombohedral distortions lead to a structure with a lower energy than obtained for the cubic phase. Theory predicts that under pressure ScF 3 undergoes a continuous second-order phase transition from a cubic to a rhombohedral phase, compatible with the change of the space group from P m3m to R3c and consistent with the experimental observation of a transformation to a rhombohedral phase at very modest pressures (0.1-0.2 GPa at T = 50 K and 0.5-0.7 GPa at T = 300 K) [3, 10, 11] . The behavior of ScF 3 is different from that of other trifluorides. For TiF 3 , for instance, the order parameter (the tilt angle of the TiF 6 octahedra) approaches zero at the critical temperature of T c ∼ 370 K. At T = 0 K, however, the rhombohedral structure is lower in energy at all volumes (see the inset in Fig. 2) .
The proximity of the second-order phase transition also causes a flattening of the energy versus volume curve near the minimum. The bulk modulus computed by fitting this curve to a Murnaghan equation of state is only 41 GPa, less than half the value evaluated for a fixed cubic structure and also lower than the experimental value at ambient temperature.
B. Isothermal-isobaric MD simulations at zero pressure
Isobaric MD simulations were performed at temperatures ranging from 200 to 1400 K, at intervals of 200 K. For each simulation temperature, a trajectory over 100 ps was generated. The initial period of 10 ps was considered as equilibration and the corresponding data were discarded. We note that a further increase of the equilibration period by a factor of 2 did not lead to substantial variation of simulation results. In the present context the central results are the finite-temperature values of the lattice parameter a at p = 0 GPa, determined as averages of the length of the lattice vectors. The thermally averaged cell parameters are consistent with a cubic structure at all temperatures, in agreement with experiment [3] . However, due to thermal motion, the instantaneous geometries deviate from the cubic symmetry and the magnitude of these distortions increases with temperature (see [32] , Figs. S1 and S2). The variation of the lattice constant a relative to the value computed at T = 200 K is compared with experiment in Fig. 3 . Although the agreement between simulations and experiment is not perfect, the MD simulations reproduce all important features of the measurements: (i) a significant negative thermal expansion of correct magnitude at low temperatures (T < 800 K), (ii) only a modest variation with temperature in the intermediate temperature range (between 800 and 1200 K), and (iii) positive thermal expansion at high temperatures (T > 1200 K).
The NTE at low temperatures is strongly correlated to the proximity of the pressure-induced cubic to rhombohedral phase transition which is responsible for the strong softening of the compressional modes on approaching the transformation. Using molecular dynamics, the isothermal bulk modulus (K T ) can be computed from fluctuations of the cell volume [37] (the angular brackets indicate NpT ensemble averages):
For T 400 K, the bulk modulus is almost temperature independent and takes a value of ∼58.5 ±3 GPa (see Fig. 4 ), much lower than the bulk modulus derived from static calculations for the perfect cubic structure (K T = 97 GPa). Morelock et al. [12] measured the isothermal bulk modulus K T of ScF 3 between 300 and 530 K and found values around 61 GPa, in excellent agreement with our NpT MD simulations. At T = 200 K, the bulk modulus is even significantly lower (K T = 38 GPa), approaching the value derived from the static calculations admitting a phase transformation. These findings indicate that the thermally induced distortions of the cubic structure lead to significant softening of ScF 3 . 
C. Isothermal-isobaric MD simulations at varying pressure
To further explore the correlation between thermal expansion and the pressure-induced phase transition, additional NpT MD simulations have been performed for external pressures of ±1 GPa. At negative pressure the thermal expansion follows a similar pattern as for p = 0 GPa, i.e., it is negative at low temperatures, but turns positive at high temperatures. In contrast, the volume remains almost constant over the entire temperature range in simulations performed at positive pressure (see Fig. 3 ).
The prediction of almost zero thermal expansion in slightly compressed ScF 3 is related to the observation of vanishing thermal expansion in Ga-and Fe-substituted ScF 3 [15] . The radius of trivalent Ga and Fe ions is about 15% smaller than that of Sc cations, hence the effect of the substitution should be similar to that of an increase of the external pressure. For Sc 0.85 Ga 0.05 Fe 0.1 F 3 the linear expansion coefficient is very small and almost constant (α l = 2.3×10 7 K 1 ) for temperatures between 300 and 900 K [15] .
IV. ANALYSIS AND DISCUSSION
The NTE observed in DO 9 -type materials is usually interpreted within the RUM model, assuming that the octahedral building blocks conserve their structure and that the bond lengths from the center to the vertices are essentially temperature independent. In ScF 3 , at variance with the RUM model, the Sc-F and F-F bond lengths increase linearly with temperature (by about 0.05Å between 200 and 1400 K) independent of pressure, even at temperatures where thermal expansion is negative (see Fig. 5 and Fig. S3 in [32] ). The ratio r FF /r ScF is always close to the value of √ 2 characteristic for an undistorted ScF 6 octahedron in a perfect cubic structure. Hence the time-averaged structure of the octahedral building units remains similar to the ideal zero-temperature structure. The thermal expansion of the Sc-F distance is consistent with EXAFS measurements of Kuzmin et al. [38, 39] who showed that the Sc-F bond length increases with T between 0 and 300 K, which is the temperature range where a strong NTE occurs [3] .
The lower panel of Fig. 5 compares the thermal variation of the shortest Sc-Sc distance with that of the lattice constant a (for the effect of pressure see Fig. S4 in [32] ). For a perfect cubic crystal (or the structure determined by the thermally averaged atomic positions such as in crystallographic diffraction measurements), the lattice constant is related to the interatomic Sc-Sc and Sc-F separations via a = r ScSc = 2 × r ScF , but the thermally induced rotations of the ScF 6 octahedra out of their parallel orientation destroy this equality. As shown in Fig. 5 , at elevated temperatures the thermally averaged values of r ScSc are significantly greater than the lattice constant a. The temperature dependence of r ScSc and a is similar, but the magnitude of the initial decrease with temperature is significantly smaller for r ScSc and the minimum is reached already at a temperature lower by ∼200 K compared to that for a. Under compression the Sc-Sc distances increase monotonously with temperature, while at negative pressures r ScSc is almost temperature independent (see Fig. S4 in [32] ). These results show that the thermal contraction of ScF 3 observed at zero pressure and the zero thermal expansion under slight compression do not only depend on the mutual rotations of the neighboring rigid ScF 6 units.
The examination of the Sc-F-Sc bond angles α describing the relative orientation of neighboring octahedra permits us to analyze further details of the local atomic structure. At finite temperature the average values of α are very close to 180
• as required by an overall P m3m symmetry because rotations in both directions occur with the same probability, only in the rhombohedral phase the deviation from 180
• is proportional to the deformation relative to the cubic structure [36] . The distribution of the bond angles relative to a fixed, in principle arbitrary direction is given by the "cross-product modified" bond angles proposed by Chaudhuri et al. [9] . The "cross-product modified angle" α cross is defined as follows. The vector r cross is the cross product of the two Sc-F vectors forming the Sc-F-Sc angle. The value of α cross is taken to be identical with α, unless the inner product between r cross and a chosen lattice vector is positive, in which case α cross =360
• −α. The distribution of the cross-product modified bond angles permits us to differentiate between the competing structures: in the rhombohedral phase the distribution is centered around a value <180
• (about 160
• according to the static relaxations), and in the cubic phase it is centered at 180
• [9] . As shown in Fig. 6 , the distribution of α cross for ScF 3 is symmetric, with a minimum at 180
• (such that the average structure remains cubic) and pronounced side peaks broadening with increasing temperature. The deviation from a straight Sc-F-Sc linkage increases with temperature from ±13
• at T = 200 K to ±25
• at T = 1400 K. This shows that the average structure is cubic, but random rhombohedral distortions exist at the local level. Qualitatively, the bond angle distributions are the same under slight positive or negative pressures (see Fig. S6 in [32] ). A correlation between NTE and local distortions of the metal-fluorine-metal linkages was recently suggested by Hu et al. [15] . It was pointed out that metal trifluorides with rhombohedral structures and bond angles of ∼160
• , such as AlF 3 and TiF 3 , do not exhibit NTE [15] and it was demonstrated that in cubic ScF 3 the substitution of Sc by smaller (Fe, Ga) cations hinders the cooperative rotation of the ScF 6 octahedra and weakens the NTE. In our simulations, a similar effect is observed under compression of ScF 3 . At a pressure of 1 GPa, the rhombohedral phase is already lower in energy, the average Sc-F-Sc bond angles are reduced (see Fig. S5 in [32] ), and the thermal expansion coefficient is almost zero at all temperatures (see Fig. 3 ). Hence the observed temperature dependence of the thermal expansion of ScF 3 can be explained as an interplay of two competing factors: (i) the monotonic increase of the Sc-F distances would lead to positive expansion if the Sc-F-Sc angles are rigid, while (ii) the decrease of the average Sc-F-Sc bond angles would lead to negative expansion (via a RUM-like mechanism) if the Sc-F bond lengths are fixed. With increasing temperature, the tilt between neighboring octahedra exceeds the optimal value realized in the rhombohedral structure and the continued expansion of r Sc-F leads to positive thermal expansion.
V. CONCLUSIONS
In summary, our NpT MD simulations based on interatomic forces calculated on the fly using first-principles DFT reproduce the observed negative thermal expansion of cubic ScF 3 and explain the correlation between NTE and the pressureinduced transformation to a rhombohedral phase under very modest compression. The comparison of the bulk moduli derived from static total-energy versus volume calculations and from the fluctuations of the volume in isothermal-isobaric MD simulations shows that the symmetry-breaking deformations and thermal behavior of ScF 3 are mutually related. Our results demonstrate that Rahman-Parrinello dynamics in connection with quantum-mechanical treatment of forces provides a powerful tool for computational studies of thermal properties of materials.
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